Introduction
The present paper is concerned with subharmonic solutions to Buffing's equation ( 
1.1) -+ a + K 2 q(l + /3q
2 ) = P cos jr. dr 2 
dr
As far as the author is aware, the analytical or experimental investigation of subharmonic solutions to Buffing's equation (for analytical investigation, e.g. see [6] , [10] , [11] , [12] and, for experimental investigation, e.g. see [5] ) has been limited till recently to the equation in which the nonlinear term is small, that is, \p\ <1. Recently, for the strongly nonlinear equation, that is, the equation in which the nonlinear term is not necessarily small, subharmonic solutions have been investigated analytically by P. A. T. Christopher [2, 3, 4] by the use of the method developed by Cesari [1] , and numerically by M. E. Levenson [7, 8] by the use of a digital computer and by C. A. Ludeke and J. E. Cornett [9] by the use of an analog computer. Christopher established analytically the existence of a subharmonic solution of order one-third in some region of parameters, but the region of parameters obtained by him does not seem to be large enough for practical use. Numerical investigations by Levenson, Ludeke and Cornett are all based on step-by-step numerical integration of ordinary differential equations and they do not provide the mathematical guarantee for the existence of a subharmonic solution.
In his papers [13, 16] , for nonlinear periodic differential systems, the author established a mathematical theory of Galerkin's procedure and gave a practical method of getting an error bound to a periodic approximate solution obtained by Galerkin's procedure. In his method, in the course of calculation of an error bound, the existence of an exact periodic solution can be assured automatically and moreover the stability of a periodic solution can be decided easily. In the present paper, making use of the above method, we have computed approximations to subharmonic solutions of order one-third for various values of parameters and calculated error bounds to the approximations. Naturally the existence of the corresponding subharmonic solutions has been assured and, in addition, the stability of these subharmonic solutions has been decided. In the present paper, harmonic solutions related with subharmonic solutions has been also computed.
By the transformation _ _ r 7 _
9
--q -x , -cr , -c , CD , To a subharmonic solution of order one-third to (1. 1), corresponds a solution to (1. 3) of the form (1. 5) x(t) = Cl + c 2n sin t + c 2n+l cos / Hence replacing t by 3t in (1.3) and (1.5), one can reduce the problem to the one to find a solution of the form (1. 6) x(t) = Cj+2 (c z n sin nt + c 2n+1 cos nt) »=i to the equation (1.7) ^* + 3?rf* + 9. *(! + £**) = I_ cos3f .
#" co dt n ' ri
In the present paper, we assume that
For equation (1. 7) with <r = 0 (that is, the equation with damping absent), from the symmetricity of the equation, we have sought solutions of the form (1. 9) x(t) = f] a n cos (2n-l)t .
«=1
For equation (1.7) with o-=t=0 (that is, the equation with damping present), we have sought solutions of the general form (1. 6) for small cr>0. The computations in the present paper have been carried out by the use of TOSBAC 3400 at Research Institute for Mathematical Sciences, Kyoto University. The author wishes to acknowledge the assistance of Mrs. S. Asako, who has written the programs for TOSBAC 3400. Recurrence formula 2. Let and a n = a n J r2a n+1 cos2t-a n+2
Galerkin
Recurrence formula 2 can be proved analogously to formula 1. 3.4, these 27r--periodic solutions to (1.3) are supposed to be again of the form (1. 9). Hence Galerkin approximations to these solutions can be computed in the same way as Galerkin approximations to subharmonic solutions (that is, 27r-periodic solutions to (1. 7)) replacing 9/H and cos 3^ in ( Now Galerkin approximations to 27r-periodic solutions to equation (1.7) or (1.3) with small |o-|>0 may be supposed to be close to those to (1.7) or (1.3) with a-=Q, that is, the Galerkin approximations obtained in 1°. Hence, for equation (1.7), one can start Newton's iterative process for the determining equation (2. 8) from the value Table 4 . Clearly these are Galerkin approximations to harmonic solutions to Duffing's equation with small damping present.
5 Starting approximations for
f c 2n = 0 (» = 1,2,3, -,w), ( 2 - 27 > 1 ( 0 (» = 0,2 f 4 f ...,ffi-l), I c -j 1 flc»+iV2 (n = 1, 3, 5, -• •, m),
Error Estimation of Galerkin Approximations and the Stability of Corresponding Periodic Solutions

Basic theorem.
Let the symbol ||---|| denote the Euclidean norm of vectors or the corresponding norm of matrices. Then the theorem on which our method of error estimation is based reads as follows. 
) satisfying the initial condition <&(Q) = E (E the unit matrix] and H(t y s) = (H k i(t, s)) be a piecewise continuous matrix such that
Let M be a positive number such that For the proof of the theorem, see [13] . When a Galerkin approximation x m (t) has been obtained, as will be shown later, for x(t)=x m (t) one can easily find the numbers M and r satisfying (3. 3) and (3. 4) respectively. Then, as will be illustrated with an example, one can easily check the existence of the constants S and k satisfying the condition (3. 5). If there exist such constants S and k, then by the above theorem one can know the existence of an exact periodic solution of (2. 1) and, in addition, by (3. 6) one can find an error bound to the Galerkin approximation
As is seen from (3. 2) and (3. 3), in order to find the number M satisfying (3. 3), one has to compute a fundamental matrix <&(t) of (3.1) 
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The numbers S and k. We shall illustrate with an example how the existence of the numbers S and k satisfying the condition (3. 5) of Theorem 2 can be checked for Galerkin approximations to periodic solutions to the equation of the form (1. 7) or (1. 3).
Example. Equation (1.7) with o-= 2~l\ £ = 1, co = 3.1. By Table 3 .2.1, we have two Galerkin approximations, of which the following one will be brought into consideration: Equation (1. 7) is evidently equivalent to the first order system (3.14)
= v
CO CO CO
The Jacobian matrix ^(x, y, t) of the right member of (3.14) with respect to x and y is 0 1 " 
CO
therefore we see that for system (3.14), the condition (3. 5) is satisfied by the numbers S and k. They satisfŷ
where r and M are numbers specified in Theorem 2 for Galerkin approximation (3.13). By Table 3 x(t) = 2 *" cos (2»-l)f . »=i Let x(f) be a corresponding exact periodic solution, then by Theorem 2 we have
where ' denotes the differentiation with respect to the argument. Now from (4. 1) we have
therefore from (4. 2) we have and
11/2
However from the symmetricity of equations (1.7) is not a small quantity of the order <r = 2~w = 0.00097 65625. Periodic solutions to (1.7) with a = 0 (e = l, cy = 3. Periodic solutions to (1.7) with a = 0 (e = l, w = 3. .00000 00001 + 0.06210 04049 sin * +2.88864 67924 cos * -0.00000 00001 sin 2* + 0.00362 47077 sin 3* -0.01846 37771 cos 3* + 0.00005 19900 sin 5* -0.00034 55740 cos 5* -0.00000 00777 sin 7* -0.00000 21181 cos 7* -0.00000 00082 sin 9* +0.00000 00113 cos 9* -0.00000 00001 sin 11*+ 0.00000 00002 cos 11*, r=4.1XlO-9 , M=71.0, £=2.912xlO-7 , 5 0 = 3xlO-i, ^2 = 0.87932 24423 + 0.47138 16650?, Mi I =M 2 1 =0.99770 16747, Stability: stable. 2° * 15 (0= +0.00000 00002 + 0.06299 89812 sin * -2.81201 85119 cos * -0.00000 00001 cos 2* + 0.00349 53718 sin 3* -0.12546 59671 cos 3* + 0.00016 47728 sin 5* -0.00231 31766 cos 5* + 0.00000 63287 sin 7* -0.00007 09561 cos 7* + 0.00000 02221 sin 9* -0.00000 19254 cas 9* + 0.00000 00074 sin 11*-0.00000 00522 cos 11* + 0.00000 00002 sin 13*-0.00000 00014 cos 13*, r = 4.5xlO-9 , M=71.4, £=3.214xlO-? , £ 0 = ! = 1.61657 6060, ^2 = 0.61575 11731, Stability: unstable.
